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We d e m o n s t r a t e  tha t  the s t e a d y - s t a t e  p r o b l e m  of the t h e o r y  of hea t  conduc t ion  for  r e g i o n s  
bounded  by e y c l o i d a l  c u r v e s  - r e l e a s i n g  hea t  f r o m  the s u r f a c e  a c c o r d i n g  to N e w t o n ' s  law 
- can be r e d u c e d  t h rough  a p p l i c a t i o n  of c o n f o r m a l  m a p p i n g  to the so lu t ion  of equa t i ons  in 
f in i te  d i f f e r e n c e s ,  s o l v a b l e  in t e r m s  of B e s s e l  func t ions  wi th  one v a r i a b l e .  

P lane  s t e a d y - s t a t e  p r o b l e m s  in the  t h e o r y  of hea t  conduc t ion  a r e  r e d u c e d  to the so lu t i on  of the L a p l a c e  
equa t ion  [1] 

O2u 02u 
- - +  = 0  in D (1) 
Ox 2 @2 

fo r  the  b o u n d a r y  cond i t i on  

On + hu i = [ (p), (2) 
an fr 

w h e r e  h i s  a p o s i t i v e  c o n s t a n t  and f(p) is  a s p e c i f i e d  funct ion.  

In the  g e n e r a l  c a s e  the b o u n d a r y  cond i t i ons  (2) do not  a l low fo r  e f f ec t ive  a p p l i c a t i o n  of the m e t h o d  of 
c o n f o r m a l  m a p p i n g  with  r e s p e c t  to so lu t i on  of the p r o b l e m .  H o w e v e r ,  as  d e m o n s t r a t e d  in [3], we can  i s o -  
l a t e  a s p e c i a l  c l a s s  of d o m a i n s  fo r  which  the me thod  of c o n f o r m a l  m a p p i n g  onto a c i r c l e  m a k e s  i t  p o s s i b l e  
to r e d u c e  the  p r o b l e m  to the  so lu t i on  of f i n i t e - d i f f e r e n c e  equa t i ons  s o l v a b l e  in B e s s e l  func t ions  with m a n y  
v a r i a b l e s  [4]. The d o m a i n s  t r e a t e d  in [3] r e p r e s e n t  a s p e c i a l  c a s e  of the  b r o a d e r  c l a s s  of d o m a i n  p r o d u c e d  
in the  m a p p i n g  of a unit  c i r c l e  wi th  the a id  of  the funct ion 

= A I' (3) 
0 

w h e r e  ~ = e x p i 0 ;  W = x + iy; A is  an a r b i t r a r y  cons t an t ;  P m ( ~ )  i s  a p o l y n o m i a l  of d e g r e e  m with r e a l  c o e f -  
f i c i e n t s ,  and Pm(0)  ~ 0. 

Of p a r t i c u l a r  i n t e r e s t  a r e  the  d o m a i n s  bounded by c y c l o i d a l  c u r v e s  [2], and t h e s e  a r e  p r o d u c e d  th rough  
c o n f o r m a l  m a p p i n g s  of the  f o r m  

W (~) = A j [~-}-  ~,l 2 d~, m = 1, 2, 3 . . . . .  (4) 
o 

w h e r e  ~ = p e x p i 0 ;  Ipl  -< 1; - ~  _ 0 _< +Tr; ~ is  a p o s i t i v e  r e a l  d i a m e t e r ;  A is  an a r b i t r a r y  cons t an t .  The 
g e o m e t r i c  c u r v e s  (4), c o r r e s p o n d i n g  to the  unit  c i r c l e  in the  ~ p l ane ,  have  m l o b e s  and a r e  s i m p l e  c l o s e d  
c u r v e s  when ~ - )t m and ?'0 = 2 / 4 3 . *  The a r e  length  of t h e s e  c u r v e s  is  a r a t i o n a l  funct ion of the p a r a m -  

0 
e t e r  

*When X = ~0 (m = 1), the  c o n t o u r  has  one s i n g u l a r i t y  which  r e p r e s e n t s  a po in t  of o s c u l a t i o n  for  two p a r t s  
of the  con tou r .  
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From (4) and (5) it is easy  to derive the equation for the curves in parametr ic  form: 

SL 2 { 2cos(m4-1) 0 cos(2m+l)  0 } 
x =  2n(lq-L~) ~ cos0q- ~(mq-1) -~ ~Z(2mq_l) ' 

{ 2s~(rn+I) a s~ (2rn + I) 0 1 SL2 ~in0 q- -~ , 
Y -- 2n (I -~- ~.~) L (trt -~- l) X z (2m q- 1) 

N; S is the arc length; ~ -> ~m is a parameter .  where-Tr_< 0-< + T r ; m =  1, 2, 3 . . . . .  

(5) 

(5a) 

1. F o r m u l a t i o n  of 

R e d u c t i o n  of  t h i s  

F i n i t e - D i f f e r e n c e  E q u a t i o n s  

With the eonformal mapping (4) 

t h e  P r o b l e m  f o r  a C i r c l e  a n d  

P r o b l e m  to t h e  S o l u t i o n  o f  

Sk~4-~L 2 } { X(m-}-2~*' I) ~2n,+i )}i W(O = 2 ~ ( t  ~ + + ~ ( ~ - - +  " re=l ,  2, 3 . . . . .  N, (6) 

Eq. (1) and boundary conditions (2) are brought to the form 

0 0 , .  : o  
P-~-p P § 00--- ~ 

in a zirele  with the boundary condition 

--~- - - f f : -~Ju  hS ( 1-~- 2 ~  costa0) u I = f, (0), (8) 

where fl(0) is a specified function sat isfying the Dirichlet conditions in the i n t e r v a l - r  _< 0 _< + 7r. 

Then 

ft (0) = b--c~ + ~-~ [b~ cos nO + cn sin n01, (9) 
2 z_~ 

n ~ l  

The unique feature of this case,  enabling us to derive an exact solution for the problem, res ts  in the fact 
that the coefficient 

ldWtl  ~ hS ( l  + 2L cosrne) (20) h(O)--h -~- = , =  2--~ �9 l q - L ~  

is a t r igonometric  binomial 

where 

h (0) = ao + at cos m0, -- n ~ 0 -~ + :~, 

hS h3 
a o = ~ ' ai L2 a 1 +  

We seek the solution for (7) and (8) in the form 

u = tto + ~ ' ~ p .  [ A . c o s n O + B ~ i n n O } .  
2 

z . _ _  

Substituttrtg (12) into boundary condition (8), 
sys tem of difference equations 

(11) 

(12) 

for the determination of the expansion coefficient we derive a 

al (n-F. ao)A.-g--~-[An+.~+A~_.,l=b~,_ n = 0 ,  1, 2, 3 . . . .  ; (13) 

(n -}- aa)fl~ - t - - ~  [B~+,~ -b B~_m] = on, n = L 2, 3 . . . . .  (14) 
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unde r  the  cond i t ion  
A,~--+ O, B~-~0; 

t 2 ~  n ~ o o  

A n - = A  n, n = l ,  2, 3 . . . . .  m; 

B n .~ - - B _  n, n = O, 1, 2 . . . . .  m -  1. 

Using  the r e s u l t s  of [3], i t  i s  not d i f f i cu l t  to ob ta in  a s o l u t i o n  fo r  (13) and (14) in the  f o r m  
s 

2 [  2 k - - i  2k--l] ( a ~ l ,  A,~ = A,~+ % cos n~ + ~ sin- n~ d~+~o 
m m - - z - k i n /  

k = i  

(15) 

(16) 

(17) 

(18) 

s 

B~ B , g - ~ [ ~ k c o s  2 k - 1  -- 2 k - - 1  1 ( a t  I (19) = nn -+- ~k sin nn Jn+a. ' 
= m m ~ - \ m /  

w h e r e  m = 2 s  o r m = 2 s - 1 ,  s =  1, 2, 3 . . . .  , N; Wk; ~k;  ~ k ; a n d  ~ k a r e  a r b i t r a r y  c o n s t a n t s ;  J r ( x )  is  a 
B e s s e l  funct ion of the f i r s t  kind;_A n a n d  Bn a r e  p a r t i c u l a r  s o l u t i o n s  of (13) and (14), s a t i s f y i n g  cond i t ions  
(15). The p a r t i c u l a r  s o l u t i o n s  A n and B n can  be p r e s e n t e d  in t e r m s  of the G r e e n ' s  funct ion [3] in f i n i t e -  
d i f f e r e n c e  equa t ions  

71~= 2 b~gu5 B~ = 2 ggt~. (20) 
/ = 0  / = 1  

When the n u m b e r  fo r  b n 
s h i p s  

Ao-m -- 2 ibm-- (n + ao) A~] - -  A~+m, (21) 
a t 

w h e r e  n = p; p - l ;  p - 2 ;  . . . ; 0, unde r  the  cond i t ion  

bp+l = bp+e . . . . .  O, A p - m -  2b~, , 

ai (22) 

A~-~+, = A p - m + 2  . . . . .  O. 

We have  s i m i l a r  f o r m u l a s  fo r  Bn" 

Hav ing  s u b s t i t u t e d  (18) and (19) into (16) and (17), to d e t e r m i n e  the n u m b e r s  Wk, Wk, Wk' and  w k we 
ob ta in  a s y s t e m  of a l g e b r a i c  e q u a t i o n s *  

J + ~ o -  c%cos n~ + J + ~  + Y~ 

"< - n =  = A _ ~  - -  3 ~ ,  ( 2 3 )  
/? /  

w h e r e n = l ,  2, 3, . . . ,  m; m = 2 s  o r  m = 2 s - 1 ;  s - l ,  2, 3, . . . ,  N: 

Ja.-n ~k sin 2 k - -  1 , ~ - 2 k - -  1 - -  nn - -  -r- Jao-, ~% cos n~ = ~ + ~_~, (24) 
m ~ rn ~ m 

w h e r e  n =  0, 1, 2, 3 . . . . .  m - l ;  m =  2s o r m =  2 s - l ;  s = 1, 2, 3 . . . . .  N. 

and c n i s  f in i te ,  the  s o l u t i o n s  An  and Bn can  be found f r o m  the r e c u r r e n c e  r e l a t i o n -  

2 .  E x a m p l e s  o f  t h e  S o l u t i o n s  f o r  C e r t a i n  P r o b l e m s  

o f  M a t h e m a t i c a l  P h y s i c s  

E x a m p l e  1. Le t  us c o n s i d e r  the  s p e c i a l  c a s e  of p r o b l e m s  (7) and (8) fo r  m = 2. 
�9 cos0 ,  and  the so lu t i on  of Eq. (13) wi l l  then  be 

A ~ = A ~ +  r  + a;lsin - -  J~• 
2 ,~ L -u  

F r o m  the r e c u r r e n c e  r e i a t i o n s h i p s  (21) we ob ta in  

A o = ) i = A 2  . . . .  0; 7 t_ i=  2bi ; ) - 2 =  2bo 
a i at 

*We can  d e m o n s t r a t e  tha t  the  d e t e r m i n a n t s  of s y s t e m s  (23) and (24) a r e  not equa l  to  z e r o .  

Le t  fl(0) = b0 /2  + b 1 

(25) 

(26) 
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The constants co 1 and co~ are determined direct ly  from (23) 

bo 2 
0)  i ~ 

a, J ~  _--J~_ +' (27) 

- b, 2 
f.O I ~ _ _  

a, Jao--ll + l~.+, 

Thus solution (12) can be writ ten in the form 

u=co~{@J~r ( @ - ) +  ~ ( - - I )  k] .o (~-)OSkCOS2k0}+~ox {'l~(--1)kJ .q@2(~-)O3k+Xaos(2k-t-1)0}, (28) 
k=~ k+ -~- "k=0 k+ 

where a 0 = hS/27r; al = hSh/Tr(1 + 2,2); b o and b 1 are  cer ta in  specified numbers; S is the arc length; h is the 
hea t - t rans fe r  coefficient. 

Example 2. Let us find the s teady-s ta te  temperature  distribution within the domain bounded by curve 
(5a), if uniform heat re lease  is taking place within that region. The heat is radiated according to Newton's 
law at the boundary. The temperature  of the external  medium is equal to zero. The problem reduces to 
the integration of the equation 

02u 3- O~u Q inD (29) 
Ox 3 @3 K 

for the boundary condition 

OnO-uu 3- hur =0,  (30) 

where K is the coeff icient  of t h e r m a l  conductivi ty and Q is the quantity of heat  r e l e a sed  pe r  unit volume. 

Let us isolate the par t icular  solution 

u = u , + u  2, r~e hu 2 = - -  

for u 1 we have Then, 

Q in D; %!r = 0. (31) 
K 

Otti r~ Ou2 ! " 
Au~ = 0 in D; ~ - n  + hui On r 

We will use eonformal mapping (6) and isolate the part icular  solution (31) of the problem, i .e. ,  

Then, for u 2 we obtain 

(32) 

% = - -  ~ (x 3 -t- 93) - -  Q ~  W~' .  (33)  
4K 4K 

QS3 X' {I 4@'+3--I) P4m+2--1 1 
uz = 16n~K (1 + ~)3 p2--1 -b 3-  - -  ~3 (m + 1) 3 )d (2m + 1) 3 

[ 4(P~+3--P '~) ] 2(P3~+3--P3m) cos2m0}- + 4(P'n+s--ffn) -b ~) cosm0-~ ~3(2m_1 - 1) 3 
~, (m -t- 1) (m § 1) (2m + 1) 

With the conformal mapping (6), the equation and boundary conditions (32) are brought to the form 

0 ( Ou~ ] ~. 03u, - 0  
op ] oo3 

in a circle for the boundary conditions 

4~" 1 4)J 4~ . ~ 4 +  _ _ +  t- 
m + l  2 r n + l  m + l  2 m + l  

(1 + ~3)3 + (1 + ~3)3 09 " - } - ~  1 3- I + ) W  costa0 u~ -- 8n2K 

(34) 

(35) 

Cosm0 

+ 2~ 3 
(2m+ 1)(1 --1-~3) 3 

cos 2m0} �9 (36) 
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The s o l u t i o n  f o r  (35) and[ (36) wi l l  be sought  in the  f o r m  

u~ 8 n 2 ~  QS2 [~-~ + ~ A,,p"'cosmnO] 

The c o e f f i c i e n t s  A n a r e  d e t e r m i n e d  f r o m  the equa t ion  

a i  ( n + a o )  AT,+ ~ [ A , ~ + , + A n _ i ] = b , .  n = 0 ,  I, 2 . . . . .  

fo r  the cond i t i ons  A -+0 and A_I = A~, w h e r e  
nh~ 

hS hS 
ao -- ; al ---- - -  2~m ztm 1 + U 

8~ 2 2 
4~ 4 + - - +  - -  

- - ,  r e = l ,  2, 3 . . . . .  N; 

4)~ s 4)~ 

m + l  2m+l  m + l  2m+l  
bo = m (1 + ~,~)u ; b, --  m (1 + X2) , 

b 2 = ; b 3 = ba . . . . .  0; 
m (2m + 1) (I + ~)2 

the  so lu t i on  of (38) can  be d e r i v e d  f r o m  the r e c u r r e n c e  r e l a t i o n s h i o s  (21) and (22), f r o m  which  we have 

---- ---- - -  (ao + t) b2; 
at a l 

_ -- aob t +  a o(a o + l )  b 2 - - ,  
at a I 

Thus  f r o m  (19), (23), and  (40) we ob ta in  

w h e r e  m =  1, 2, 3 . . . .  , N; 

A2=As=Aa . . . . .  O. 

Q S~" {bt 1 ( ~ t ) 2  2b2 
u , - -  8n~K a, 2 (ao~- 1) b2+  - ai pmcosmO 

t 
+ o)i ~- J~o (a 0 

03 t = 

aobi + ao (ao + 1) -- 
ai at 

2J~o (ai) 
Ja  0 (al) is  a B e s s e l  funct ion of the f i r s t  kind.  
d e r i v e d  e a r l i e r  in [3], f o r  the c a s e  m = 1. 

(37) 

(38) 

(39) 

(40) 

(41) 

(42) 

Solu t ions  (41) and (42) a r e  a g e n e r a l i z a t i o n  of the  so lu t ion ,  

I, 

2. 

3, 

4. 
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